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Efficient generation of multi-photon W states by joint-measurement
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Abstract

We propose an efficient scheme to generate multi-photon entangled W state from two-qubit Einstein–Podolsky–Rosen pairs by mea-
surements and follow-up local transformation. We discuss the efficiency of the scheme under realistic conditions, and its implementation
using current technology.
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1. Introduction

Understanding the properties of multi-photon entangle-
ment is one of the most important topics in quantum infor-
mation theory. The concept of entanglement [1] has an
intrinsic relationship to the nonlocal property in quantum
mechanics [2,3]. Some methods such as the Bell inequality
have been developed to measure this nonlocal property [4].
Besides, multi-qubit entangled state plays a particularly
important role in quantum information, e.g. in the fields
of quantum communication, quantum computation and
quantum cryptography [5–24]. However, the generation
of multi-qubit entangled state in laboratory, especially
the generation of more than four-qubit entangled state,
remains a difficult task for many years. Three-photon
entanglement has been experimentally observed [25,26]
and six-photon entanglement has been realized experimen-
tally quite recently [27] using post-selection, where some

components of the quantum state are measured and col-
lapsed and the measured results exhibit desired entangle-
ment property.

At present, multi-photon entangled states are generated
using spontaneous down conversion (SPDC) through non-
linear crystals. Though it is not difficult to generate EPR
pairs from SPDC, it is harder to generate multi-photon
entangled states through SPDC. Bose et al. [28] have pro-
posed a method to generate multi-photon GHZ-state by
Bell-basis measurement on two GHZ-states with smaller
number of photons, generalizing the idea of entanglement
swapping [29]. This scheme has two distinct features. First,
it is efficient because the scheme can be built up from EPR
pairs by GHZ-state measurement and Bell-basis measure-
ment. EPR pairs can be easily produced from SPDC.
Second, the scheme produces multi-photon GHZ-state
on-demand and can be used for later applications, com-
pared to post-selection scheme where the entangled-state
is destroyed after the measurement. Based on this scheme,
here we propose a scheme to realize the generation of
multi-photon entangled W state from copies of three-
photon W state via measurement and some follow-up local
operation. W state has many applications in quantum
information processing, for instance, in quantum key
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distribution [30]. The three-photon entangled states them-
selves can be produced from copies of two-particle EPR
pairs via measurement.

2. Types of entangled states for 2, 3 and 4 photons

The Bell states composes a complete set of orthogonal
basis of maximally entangled two-qubit states and are
denoted as jw�i and j/�i,

jw�i ¼ 1ffiffiffi
2
p ðj01i � j1 0iÞ ð1Þ

j/�i ¼ 1ffiffiffi
2
p ðj00i � j1 1iÞ ð2Þ

There are two inequivalent families of genuine tripartite
entanglement via stochastic local operation assisted with
classical communication (SLOCC) [31], one of which is
the W state:

jW3i ¼ 1ffiffiffi
3
p ðj100i þ j0 10i þ j001iÞ ð3Þ

The other is the GHZ state, its standard expression is

jGHZ3i ¼ 1ffiffiffi
2
p ðj000i þ j11 1iÞ ð4Þ

The GHZ state is generally considered to be the genuine
tripartite entangled state. However, if one party of the
GHZ state is traced out, the remaining two parties will
become completely separable. On the other hand, the tri-
partite W state has a celebrated property that after one
party is traced out there is still 2=3 possibility that the
remaining two parties still have maximal amount of
entanglement.

For four-qubit system, there are nine inequivalent ways
of entanglement via SLOCC [32]. Details of this classifica-
tion can be acquired in [32]. And among the nine inequiv-
alent families, four-qubit W state and four-qubit GHZ
state are also included separately in two distinct families.

3. Generation of multi-photon entangled states via

measurement and local operations

It has been shown that the n-photon GHZ state can be
generated from ðn� 1Þ-photon GHZ-state and a three-
photon GHZ state using a Bell-basis measurement [28].
We first briefly review the process in what follows. To gen-
erate the four-photon GHZ state, the initial state of the six
photons is chosen as jGHZi123 � jGHZi456. This initial
state can be expanded in terms of the Bell-basis of photons
3 and 4. The two-particle product states can be expressed in
terms of the Bell-basis states as

j01i ¼ 1ffiffiffi
2
p wþiþ

�� ��w�i� �
ð5Þ

j10i ¼ 1ffiffiffi
2
p wþi�

�� ��w�i� �
ð6Þ

j00i ¼ 1ffiffiffi
2
p /þiþ

�� ��/�i� �
ð7Þ

j11i ¼ 1ffiffiffi
2
p /þi�

�� ��/�i� �
ð8Þ

Then,

jGHZi1 2 3 � jGHZi4 5 6 ¼ j/
þi34ðj0000i þ j1111iÞ1256

þ j/�i34ðj0000i � j1111iÞ1256

þ jwþi34ðj0011i þ j1100iÞ1256

þ jw�i34ðj0011i � j1100iÞ1256

ð9Þ

where normalization coefficients in the expression are omit-
ted for convenience. As long as photons 3 and 4 are pro-
jected to one of the Bell-basis states, the state of photons
1, 2 and 5, 6 is a GHZ state, which can be converted to
ðj000 0i þ j1111iÞ by local operation. It is a special case
of the Gabcd family with a ¼ d ¼ 1 and b ¼ c ¼ 0. Thus,
four-qubit GHZ state can be generated from two copies
of three-qubit GHZ state through Bell-basis measurement
deterministically.

Now we show that the four-qubit W state can be gener-
ated in a similar way but probabilistically. Choosing the
initial state to be jWi123 � jWi456 which can be rewritten as

jWi123 � jWi456 ¼ jw
�i34ð�j0001i � j0010i þ j0100i
þ j1000iÞ1256 þ jw

þi34ðj0001i
þ j0010i þ j0100i þ j1000iÞ1256

þ j/þi34ðj0000i þ ðj01i þ j10iÞ
� ðj01i þ j10iÞÞ1256

þ j/�i34ð�j0 000i þ ðj01i þ j10iÞ
� ðj01i þ j10iÞÞ1256 ð10Þ

The W state belongs to the Lab3
family with a ¼ b ¼ 0.

When a Bell-basis measurement is performed on photons
3 and 4, photons 1, 2, 5, and 6 will be in the four-qubit
W state directly if the outcome of Bell-basis measurement
is jwþi34 or jwþi34. This happens with a probability of
50%. If photons 3 and 4 are projected to j/�i34, the other
four photons are not in the standard W-states, but they
are still entangled. Moreover, it is interesting to see that
they share a property similar to the W-state that if any
one of the four photons is traced out, there is 3/5 possibil-
ity that the other three photons will form a three-photon
W state, and 2/5 probability the remaining three photons
in a product state of two-photon Bell state with a single-
qubit state. This is comparable to the four-qubit W state
where there is 3/4 probability the remaining three photons
in a W-state, and 1/4 probability in three-qubit product
state.
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Now we generalize the previous scheme into multi-pho-
ton cases. Given copies of an n-photon and a three-photon
W state, i.e. the initial state of these nþ 3 photons is pre-
pared as jWin � jWi3, where the subscripts of the angled
ket denote the number of photons of the state, then the
W state of nþ 1 photons can be generated by Bell measure-
ment, probabilistically. For convenience, the photons in
the n-photon entangled state are numbered 1,2,3, . . .,n,
and the photons in the three-photon entangled state are
numbered nþ 1, nþ 2, nþ 3. Bell measurement is applied
to photons n and nþ 1.

The proof is a little bit complex because there are n

terms in the expression of n-photon W state. But by writing

jWin ¼ j00 . . . 0i1;2;...;n�1j1in þ jWi1;2;...;n�1j0in ð11Þ

which is a property of W state, the proof becomes direct by
using (5)–(8). We rewrite the state as

jWin � jWi3 ¼ jw
þin;nþ1ðj00 . . . 01i12...n�1;nþ2;nþ3

þ j00 . . . 10i12...n�1;nþ2;nþ3

þ jWi12;...n�1j00inþ2;nþ3Þ
þ jw�in;nþ1ð�j00 . . . 01i12...n�1;nþ2;nþ3

� j00 . . . 10i12...n�1;nþ2;nþ3

þ jWi12;...n�1j00inþ2;nþ3Þ
þ j/þin;nþ1ðj00 . . . 0i12...n�1;nþ2;nþ3

þ jWi12...n�1ðj01i þ j10iÞnþ2;nþ3Þ
þ j/�in;nþ1ð�j00 . . . 0i12...n�1;nþ2;nþ3

þ jWi12...n�1ðj01i þ j10iÞnþ2;nþ3Þ ð12Þ

Therefore, if photons n and nþ 1 are projected to jw�i, the
remaining nþ 1 photons will be consequently projected to
the W state. This has probability of 50%. Similarly, if pho-
tons n and nþ 1 are projected to j/�i, the other nþ 1 pho-
tons will be in a W-like state in the sense as discussed
above.

Since for an arbitrary larger-than-2 positive integer n,
the entangled ðnþ 1Þ-photon W state can be generated
from n-photon and three-photon W state by Bell mea-
surement, we propose a scheme to generate W state of
more than three photons through Bell measurement from
copies of three-photon W state only. For convenience,
we call the W state of the three photons ‘‘the element
state’’. Two copies of the element state can generate
one copy of four-photon state, and furthermore, by
introducing copies of the element state, we can increase
the number of entangled photons to an arbitrary positive
integer. For every measurement, by identifying the out-
come we can choose proper transformation on some of
the photons to transform the entangled state to the stan-
dard form probabilistically. To generate n-photon W
state, n� 2 copies of the element state and n� 2 times
of Bell measurements are needed. The successful rate of
building-up is 1=2ðn�2Þ.

The element state can be generated from copies of two-
qubit EPR pairs. For GHZ state, this has been presented
by Zukowski et al. [33] and generalized by Bose et al.
[28]. For W state, it can be shown that if we prepare three
EPR pairs in state ðj0 0i þ j11iÞ12 � ðj0 0i þ j11iÞ34�
ðj00i þ j11iÞ56, and operate jWi135hWj135 on this product
state (jWi135 denotes the W state of photons 1, 3, 5), the
other three photons which are not measured will be pro-
jected to jWi state. Therefore, we can construct W state
with arbitrary n photons from EPR pairs assisted with col-
lective Bell-basis and W state measurements.

Here, we discuss the efficiency of this scheme. Suppose
we have sufficient EPR pairs. As mentioned above, using
this scheme the probability to generate n-photon W state
from 3ðn� 2Þ EPR pairs is 1=2n�2. While the probability
of generating the W state directly in high-order SPDC pro-
cess from a nonlinear crystal is much smaller. We can esti-
mate the probability by the following approximation. We
can model the high-order SPDC process as cascade two-
photon SPDCs. For instance, a three-photon W state can
be viewed as two cascade SPDCs, first a photon changes
into two photons in SPDC, and then one of the two pho-
tons experiences another SPDC and changes into further
two photons. In this model, the probability of producing
n-photon entangled state is pn�2, where p is the probability
of producing one EPR pair from SPDC. Thus, the pro-
posed scheme is more efficient.

We now discuss the feasibility of this proposal. First,
EPR pairs can be generated without difficulty from SPDC
of nonlinear crystals. One can use the EPR pairs generated
from subsequent UV pulses as in Ref. [33] or use the EPR
pairs from the same UV pulse which is separated by finer
time intervals. Second, multi-photon analyzers such as
Bell-state, GHZ-state, W-state analyzers are needed. In the-
ory, both the GHZ and W state analyzers can be con-
structed by letting the photons into a quantum circuit and
transforming them into product states. In practice, partial
GHZ analyzer in which only some GHZ states can be ana-
lyzed, has been described and realized [34]. Both complete
Bell measurement [26] and a simpler partial Bell-state ana-
lyzer [34] have been achieved. For our purpose, we stop fur-
ther discussing the detailed implementation of the W-state
analyzer, and it will be discussed in more detail elsewhere.

To summarize, we have given a proposal to generate
multi-photon W states from EPR pairs using three-photon
W state analyzer and two-photon Bell-state analyzer. The
scheme is probabilistic, and more efficient than direct gen-
eration from high-order SPDC process. Especially, it does
not need post-selection, that is, the left-over photons can be
used in subsequent application such as quantum communi-
cation and quantum computation, and this is appealing to
practical purpose.
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